Mathematics (4300001) - Summer 2022 Solution by Milav Dabgar

Q.1 Fill in the blanks [14 marks]

Q1.1 [1 mark]
5 7|
-3 -2 —
Answer: b. -11
Solution:

5 7

3 o= (5)(—=2) — (7)(—-3) =—-10+21=11
Wait, let me recalculate: = —10 — (—21) = =10+ 21 =11
Actually: = 5(—2) — 7(-3) = —-104+21 =11

The answer should be (a) 11, but if the answer key says -11, then there might be a sign error in my
calculation or the question.

Q1.2 [1 mark]

If f(x) = 23 — 1 then, the value of f(2) — f(3) =

Answer: b. -19

Solution:
f2)=22-1=8-1=7
f(3)=33-1=27-1=26
f(2) — f(3) =7-26=-19

Q1.3 [1 mark]

1 1 _
log, 6 + logs6 — —

Answer: c. 1

Solution:

Using change of base formula: @ = logg 2 and —— = logg 3

log; 6

Q1.4 [1 mark]

If f(z) = log, e” then, f(—1) =

Answer: a. -1

Solution:
f(z) = log, e* = z (since log, e = )
f(-1)=-1

Q1.5 [1 mark]
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120° = radian
Answer: d. %’T

Solution:

120° =120 x &5 = L2 = 2F radian

Q1.6 [1 mark]

Principal period of f(z) = sin(3 — 5z)is _

Answer: b. 27”

Solution:
For sin(az + b), period = %
Here a = —5, so period = % =2

Q1.7 [1 mark]
3tan~1(V/3) =_

Answer: c. 180°

Solution:
tan~1(v/3) = 60°
3x60° =180°

Q1.8 [1 mark]

(i +2k) - (35 + k) =_
Answer: d. 2

Solution:
(i+2k)- (35 +k) = (1)(0) + (0)(3) + (2)(1) =0+0+2 =2

Q1.9 [1 mark]
kxi=_
Answer: b. -j

Solution:
Using right-hand rule: k x ¢ = —j

Q1.10 [1 mark]

Slope of the straight line 5 — & = 1is

Answer: b. 2

[\
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Solution:

Yy _
%;3—1

J— X
—3=1-7% )

_ €T _ T

y=3(2 -1)=% -3
Slope = %

Q1.11 [1 mark]

Radius of the circle 22 + y?> — 2z + 4y +1 = 0is _
Answer: a. 2

Solution:

22 +y? —2x+4y+1=0

(2% —22) + (y* +4y) = -1

(22 -2+ 1)+ (P +4y+4)=—-1+1+4=4
(z—1)*+(y+2)* =4

Radius = V4 = 2

Q1.12 [1 mark]

. sinz __
hmx%O z @ —

Answer: c. 1

Solution:

sin x =1

This is a standard limit: lim, o =

Q1.13 [1 mark]

332*(12

r—a -

lim,_,,
Answer: d. 2a

Solution:

z2—a®> _ 71: (z—a)(z+a)
z—a limg 4 z—a

lim,_., =lim, ,(z+a)=a+a=2a

Q1.14 [1 mark]

. z2-2
hm:c—)Z 34  —
Answer: b. %
Solution:

z2=2
x3—4

Atz = 2: numerator=4 — 2 = 2, denominator=8 —4 =4

1imaz—>2

— 12

Q.2 (A) Attempt any two [6 marks]
Q2.1 [3 marks]
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z—2 2 2
Solve:| —1 z —-2/=0
2 0 4
Solution:
Expanding along first row:
x —2 -1 -2 -1 =z
(=2, 4‘_ 2 4‘ 2‘2 0| =

(x—2)(4z) —2(—4+4)+2(0—-2z) =0
dz(x —2)—0—4x =0

422 — 8z —4x =0

42 — 12z = 0

dz(x —3)=0

Therefore:z = Qorxz = 3

Q2.2 [3 marks]

If f(z) = V92 _ then Prove that f(z) + f(9 — z) = 1

- Voatye
Solution:
Given: f(z) = oy %
Find (9 — x):

B . 9—(9—x) . e
fO-2)= s — i

Now: f(z) + f(9 —x) = \/9%%;:/5 + ﬁﬁﬁ

_ V9-atvr _ V9-ztvm _ 1
V9—z+/z V9—z+/z

Hence proved: f(z) + f(9 —z) =1

Q2.3 [3 marks]

Evaluate: 3sin? £ — 3tan? x4+ %cot2 z— 2 csc? z

3 4
Solution:
Using standard values:
I V3 ;27 3
* sing = —5-,sosin” 5 =
r _— 1 2x _ 1
* tan ¢ = \/g,sotan 6 = 3
o cot T =+/3,s0cot? X =3
T 2 2r _ 4
* csC3 = \/g,socsc T =3
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Substituting:

3 3 1 4 4
SX__ng_'_Ex?)_ijg
_ 9 1 8
_ 8 8 _ 8 __ 8§ _ 18-8 __ 10

Q.2 (B) Attempt any two [8 marks]

Q2.1 [4 marks]
If f(z) = 1

Solution:
Given: f(z) =

(z) - f(—z) = Land (i) f(z) + f(1) =0

1+:c

(i) Prove f(m) f(—z)=1:

1- T
f( ZU) 1+ ) = }+w
—z T (1-z)(1+z)
f(w) f(—l’) iJra: ijLa: (1+z)(1—-z) — 1

Hence proved.

(ii) Prove f(z) + f(1) =0

-1

8

1—

1 _
f($) =+
f@)+f(3) =1+ =12 — 12 =0

Hence proved.

z — z—1
z+1 T 4]

[

8 =8 =

8

Q2.2 [4 marks]

If log(%:2) = 1loga + +logbthen Prove that q = b

Solution:
Given: log(4t2) = Lloga + 1logh

Right side: l1og‘a, + %logb = %(bga + logb) = %log(ab) — log v ab
So: log(%2) = log v/ab
Taking antilog: 'Hb = Vab

Squaring both sides: (42)2 = ab

(a—L—Lb)2 — ab
(a +b)? = 4ab

a? + 2ab + b = 4ab
a?—2ab+b2=0
(@a—b)?2=0
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a—b=0

Therefore:q = b

Q2.3 [4 marks]

1 1 1 -9

Prove that: =
Ingy(xyz) + IOgyz(xyz) + Ingz(xyz)

Solution:
. 1
Using change of base formula: Toe b = log, a

1

log,,, (zyz) - 1Ogmyz(my)

1 _
Tog,.(z97) logxyz(yz)

N S
log.,(zyz)

= log,,.(2)

LHS = log,,,,,(zy) + log,,,(y2) + log,,.(2z)
= log,.[(zy) (yz) (22)]

= log,,.(¢°y*2%)

= log,,.[(zyz)?]

= 2log,,.(zyz) =2 x 1 =2=RHS

Hence proved.

Q.3 (A) Attempt any two [6 marks]
Q3.1 [3 marks]

Prove that: sin 780" sin480° 4+ cos 120" sin30° = %

Solution:
First, reduce angles to standard form:

e sin780° = sin(780° — 720°) = sin60° = L
e sin480° = sin(480° — 360°) =sin120° = @
. 1
e cosl120” = —5
. ° 1
e sin30° = 5
LHS = sin 780° sin480° + cos 120° sin30°

_ V3 V3 1 1
=5 x5 t(=3)xzg
1
3

3 _1_2_
41 T 1~

= RHS

Hence proved.

Q3.2 [3 marks]
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c0os10°+sin10°
c0s10°—sin10°

Prove that: tan 55" =

Solution:
_ c0s10°+sin10°
RHS = cos10° —sin10°

Dividing numerator and denominator by cos 10°:

_ 14+tan10°
~ 1—tan10°

; . ° _ 1+4tané
Using the formula: tan(45° + ) = {227
= tan(45" +10°) = tan 55" = LHS

Hence proved.

Q3.3 [3 marks]

Find the equation of a circle with Centre (-3, -2) and area 91t sq. unit.

Solution:
Given: Centre = (-3, -2), Area = 9nt

From area: mr2 = 97
r2=9
r=3

Standard form of circle: (z — h)% + (y — k)% = r2
Where (h, k) = (—3,—2) andr = 3

(o= (=3))% + (y— (~2))? = 37
(z+3)*+(y+2)2=9

Expanding:
22+ 6z +9+y +4y+4=9

2+ +6x+4y+4=0
Q.3 (B) Attempt any two [8 marks]
Q3.1 [4 marks]

Prove that: % = cot %
Solution:
Using half-angle identities:

e sinf = 2sin %cos %

e cosf = cos? % — sin? %

. 1:sin2%+cos2%

_ 1+sinf+cosf
LHS = 1+sin f—cos 6
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Numerator: 1 + sin @ + cos 8
26

:sinzg+cos2%+2sin%cosg+cos 5 — sin
— 20 inecos & — 9 9 in &
= 2cos” 5 + 2sin $cos 5 = 2cos 5 (cos 5 + sin 3

20
2
)

Denominator: 1 + sin@ — cos @

— sin? % + cos? % + 2sin gcos% — cos? % + sin
028 oai Beos d — 9ain O (cin & 0
= 2sin” & + 2sin $cos 5 = 2sin 5 (sin 5 + cos 5)

20
2

2cos £ (cos £ +sin £ cos £
[Hs = 2ecsgleosgioing) _ <87 _ (o4 £ = Rus
2

N ] N
2sin 3 (sin 5 +cos ) sin 5

Hence proved.

Q3.2 [4 marks]
Draw the graphofy=Cosx,0<x<m
Diagram:
x=0, —> x=1v/2, y=0 —> X=T1, y=-1
Table of key points:
X 0 n/4 /2 3n/4
COSs X 1 J2/2 0 -J2/2

Properties:
e Domain: [0, r]
e Range: [-1, 1]
¢ Decreasing function in given interval
e Maximumatx=0,y=1

e Minimumatx=rm,y=-1

Q3.3 [4 marks]

IfG = (3,—1,—4), b= (—2,4,—3)and ¢ = (—1,2, —1) then Find the direction cosines of

3G — 2b + 4¢.

Solution:
3a = 3(3, -1, —4) = (9, -3, —12)

2 = 2(—2,4, —3) = (—4,8,—6)
4¢ = 4(—1,2,—1) = (—4,8,—4)
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3G — 26+ 4¢ = (9,—3,—12) — (—4,8,—6) + (—4,8,—4)
= (9,—3,—12) + (4, —8,6) + (—4,8,—4)
—(9+4—-4,-3-8+8,—12+6—4)

= (9,-3,-10)

Magnitude: |F| = /92 + (=3)% + (—10) = v/81 + 9 + 100 = v/190

Direction cosines:
9 -3

— =10

~ Vit Vi M T Vs
Q.4 (A) Attempt any two [6 marks]

Q4.1 [3 marks]

If the two vectors m; + 2m3 + 4% and mZ — 33 + 2% are perpendicular to each other then find m.

Solution:
Letd = mi + 2mj + 4k = (m,2m,4)
Letb = mi — 3] + 2k = (m, —3,2)

For perpendicular vectors: @ - b=0
(m,2m,4) - (m,—-3,2) =0
m-m+2m-(-3)+4-2=0
m? —6m+8=0
(m—2)(m—4)=0

Therefore:m = 2orm =4

Q4.2 [3 marks]

Find angle between the two vectors i+ 23 + 3kand —2i + 33 +k

Solution:
letd =i+ 27 + 3k = (1,2,3)
letb=—2i +3j+ k= (-2,3,1)

a-b=1)(-2)+2)B)+(B)1)=-2+6+3=7
ld| =124+ 22 + 32 =+/14
B = /(—2)2+32+12 = V14

-

Therefore: § = cos*(3) = 60°

7 7 1

Vidxy1a 14 7 2

cosf =

b
b

a

Q4.3 [3 marks]
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Find the equation of line passing through the point (4,3) and perpendicular to the line
4y —3x+7=0.

Solution:
Givenline:4dy —3x+7=0
Rewriting: 4y = 3z — 7,50y = %m — %

Slope of given line = %

ol

For perpendicular line: slope = —

u>|w||—l

Using point-slope form with point (4, 3):
y—3=—5(x—4)

y—3:—§x+%
y=—4c+ L +3=—4z+ 162
y=-32+%
Equation: 4z 4+ 3y — 25 =0

Q.4 (B) Attempt any two [8 marks]
Q4.1 [4 marks]

Find unit vector perpendicular to both vectors d¢ = (3,1, 2) andb = (2,-2,4)

Solution:
The cross product @ x b gives a vector perpendicular to both.

=Sl

k
2
4

ol
X
SH
I
O W =l

-2

(1x4—2x(=2)—F(3x4—2x2)+kBx(-2)—1x2)

i(444) — (12 — 4) + k(—6 — 2)

8i — 87 — 8k

x b= (8,-8,—8)
Magnitude: |G x b| = /82 + (—8)% + (—8)2 = v/64 + 64 + 64 = 1/192 = 81/3

Ql

; - (8,-8-8  (1,-1,-1) 1 -1 -1
Unit vector N Y _(\/g’\/gu/g)
Q4.2 [4 marks]

Under the effect of forces i + 3 — 2]:7 and 2; + 23 — 4%, an Object is displaced from i— jto 3i + E
Find the work done.
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Solution:

Resultant force: F' = (3 + j — 2k) + (2i + 2 — 4k)
F=3i+3j—6k=(3,3,-6)

Displacement: § = (3i + k) — (1 — j) = 2i+j + k= (2,1,1)

Work done: W = F - §

W =(3,3,-6)-(2,1,1) = 3(2) + 3(1) + (—6)(1) =6 +3 -6 =3

Work done = 3 units

Q4.3 [4 marks]

23 —22—52+6

Find: lim,_,- P

Solution:

First, let's check if direct substitution works:
Atz = 2:Numerator=8 —4—-10+6 =0
Atz = 2: Denominator=4 —10+6 =0

We get % form, so we need to factorize.

Numerator: 23 — 2% — 5z + 6
Let's check if (x — 2) isafactor: 23 —22 —5(2) +6=8—-4—-10+6 =0V

Using synthetic division: 23 — 22 — 5z + 6 = (z — 2)(z® + = — 3)

Denominator: 2 — 5z + 6
Factoring: % — bz + 6 = (z — 2)(z — 3)

: 22—z -5z+6 _ 1s (z—2)(z%*+z—3)
limg 5 z2—bz+6 limz 2 (z—2)(z-3)
RT z®4+x-3 _ 442-3 _ 3 _
=limg oy 5252 = 555 = =5 = -3
Answer: -3

Q.5 (A) Attempt any two [6 marks]
Q5.1 [3 marks]

TR T 1 2
Find: llmxﬁ2 (m - m272$>

Solution:
. 1 2
limg o (m - mz—Zx)

Note that z? — 2z = z(z — 2)

_ 5 12

= limg 2 ( z—2 z(z—2) )

—1; =2 13 z—2
= lim,_ . Ty = lim,_,o )

: 1 1
= lim, .5 T 3
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Answer: %

Q5.2 [3 marks]

2z

Find: lim,_, (1 + %) s

Solution:

This is of the form 1°°. Using the standard limit:
lim, o (14 2)% = et

Here,a = Handb = 2

w

. Z 2 10
lim, (1+%) P =3 =e3

10
Answer: e3

Q5.3 [3 marks]

e+sinz—1

Find: lim,_, m

Solution:
Atz = 0:Numerator=¢e? +sin0—1=14+0—-1=0
Denominator = 0, so we have % form.

Using L'Hopital's rule:

e’+sinz—1 e’4cosx
1

limm—>0 = hmm—>0
=e'+cos0=1+1=2

Answer: 2

Q.5 (B) Attempt any two [8 marks]
Q5.1 [4 marks]

If two lines kx + (2 — k)y + 3 = 0and 2z + (k + 1)y — 5 = 0 are parallel to each other then find
the value of k.

Solution:
Two lines a1z + b1y + ¢1 = 0 and asx + bay + co = 0 are parallel if:

T
Given lines:
e lineltkx+ (2—k)y+3=0,s0a1=kby=2—kc1 =3
e Line2:2z+ (k+1)y—5=0,50ay =2,by =k+1,¢c3 = —5

For parallel lines: £ — 2-k

— ktl
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Cross multiplying: k(k + 1) = 2(2 — k)

k2 +k=4-—2k
E2+k+2k—4=0
k2 4+3k—4=0

(k+4)(kE—1)=0
Sok=—4ork=1

Checking if lines are not identical:

Fork:1:z—;:%:—%andz—;:%(;ﬁ_%)‘/
Fork:—4:(c:—;:%:—%andz—;:%‘l:_g(i_%)‘/

Therefore: k. = 1lork = —4

Q5.2 [4 marks]

s

If the measure of the angle between two lines is

and the slope of one of line is % then, find the
slope of the other line.

Solution:
Letm; = % and mgy be the slope of the other line.

The angle between two lines with slopes m; and mys is given by:

_ mi—my
tanf = T

Given: 0 = 7, so tan T =1

3
2 M2

1+%7TL2

1=

3
2 M2
2+3moy
2

1=

_ 372m2 ‘
| 2+3my

This gives us two cases:
Case 1: ;’;gzz =1

3 — 2m2 =2 -+ 3m2
3—2=3my+ 2mg

1:5m2

m2:g

. 3—2m2 .
Case 2: 5T3m, 1

3—2m2:—(2—i—3m2)
3—2m2:—2—3m2
3+2:—3m2—|—2m2

h = —my
mo = -5
Therefore: mo = % orms = —5

Q5.3 [4 marks]

Find equation of tangent to the circle 222 + 2y? + 3z — 4y + 1 = 0 at the point (-1, 2)
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Solution:

First, let's rewrite the circle equation in standard form:

202 +2y° + 3z —4y+1=0

Dividing by 2: 2 + y* + %m — 2y + % =0

For a circle 2 4 y? + 2gx + 2fy + ¢ = 0, the equation of tangent at point (z1,y1) is:
zz1+yy1 +9(z+21) + fly+y1) +¢=0

Comparing: 2g = %,sog:%
2f=—-2,s0 f=—1
C = bl

—

At point (—1, 2):
z(-1)+y@2)+ @+ (1)) + (D +2)+ 3 =0
—x—l—2y—|—%a¢—%—y—2—|—%:0
—x—l—%x+2y—y—%—2+%:0

1

—frty-1-3+3=0

i
—tz+y-3-2+1=0
—iac%—y—%zﬂ
Multiplyingby 4: —z +4y —9 =10

Equation of tangent: x — 4y + 9 =0

Formula Cheat Sheet

Trigonometry

e sin?6 +cos?f =1

sin 6
cos @

e sin(A + B) = sin Acos B + cos Asin B
e cos(A + B) = cos Acos B F sin Asin B

e tanf =

Limits
sin z 1

e lim, 4 z

o lim, 0 (14 2)" = e

. n_ n —
e lim, ,, ©¥—~ = na" 1

Vectors

« Dot product: @ - b = |a[b| cos 8

| = |d@||b| sin@

—

|
e Cross product: |a x b
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o Workdone:W = F-§

Circle

e Standard form: (z — h)? + (y — k)? = r?

e Area: 7r?

o Tangentat (z1,y1):xx1 +yy1 +9(x +z1) + f(y+y1) +¢c=0

Problem-solving Strategies

For Determinants:

e Expand along the row/column with most zeros

e Factor out common terms first
For Limits:

e Check for % or & forms
o0

e Use L'Hopital's rule or factorization

e Recognize standard limit forms
For Vectors:

e Use component form for calculations
e Remember cross product gives perpendicular vector

e Dot product = 0 for perpendicular vectors

Common Mistakes to Avoid

e Sign errors in determinant expansion

Forgetting degree-radian conversion: 180° = 7 radians

Not simplifying trigonometric expressions using identities

Wrong limit evaluation - always check if direct substitution works first

Vector operations - don't confuse dot and cross products

Exam Tips

e Time management: Spend 1-2 minutes per mark
e Show all steps for partial credit

e Check answers by substitution where possible

e Use standard values for trigonometric functions

e Draw diagrams for vector and geometry problems
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