Mathematics (4300001) - Winter 2023 Solution by Milav Dabgar

Q.1 [14 marks]

Fill in the blanks using appropriate choice from the given options

Q1.1 [1 mark]

sinf —cosf

cosf sin@

Answer: c. 1
Solution:
sinf —cosf

=sinf -sinf — (— cosb) - cosf

cosf sinf
—sin?6 + cos?26 =1

Q1.2 [1 mark]

If f(z) = x> — 1then f(—1) =___

Answer: d. -2

Solution:

flz)=23-1
f(-1)=(-1)3-1=-1-1=-2

Q1.3 [1 mark]
logl x log2 x log3 xlogd =__
Answer: a. 0

Solution:
Since log 1 = 0, we have:
log1l x log2 x log3 x log4 =0 X log2 x log3 x log4 =0

Q1.4 [1 mark]
logz —logy=___
Answer: b. log %

Solution:
Using logarithm property: log x — logy = log %

Q1.5 [1 mark]

Principal Period of sin(2z + 7) =

Answer: c. T
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Solution:

For sin(az + b), the period is %

Here, a = 2, so period = 27” =7

Q1.6 [1 mark]

450° = _radian
A . 5
nswer: C. 35

Solution:

450" = 450 X 455 = —4155?5 = 57” radians

Q1.7 [1 mark]
tan 'z +cot 1z = L
Answer: d. &

Solution:
This is a standard identity: tan™' z + cot 'z = % forallz > 0

Q1.8 [1 mark]
120 — 35 +4k| = __
Answer: a. \/2_9

Solution:
120 — 35+ 4k| = /22 + (-3)2 +42 = V4 + 9+ 16 = v/29

Q1.9 [1 mark]

For vectora X @ =

Answer: d. 0

Solution:
The cross product of any vector with itself is always zero: @ x @ = 0

Q1.10 [1 mark]

If two lines having slopes M1 and m» are perpendicular to each other then
Answer:c. m1 - mg = —1

Solution:
For perpendicular lines, the product of their slopes equals -1.

Q1.11 [1 mark]

If 22 + y? = 25 then its radius _

Answer:c. 5
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Solution:

Comparing with standard form z2 + y? = r

r2=25sor=>5

Q1.12 [1 mark]

sinbfd __
tan70 = ———
5

Answer: b. =

limg g

Solution:

sin 56
tan 76

sin 560
sin 760
cos 76

sin 56 cos 76
sin 76

limg o = limg o = limg 0

: in 560 70 50
= llmgﬁo SIEG " sn78 70" cos 760

_ 5 _ 5
_1><1><7><1_7

Q1.13 [1 mark]

. z_
lim, o % -

Answer: c. 1

Solution:

This is a standard limit: lim,_,o £=% =1

T

Q1.14 [1 mark]

: 221
limg 1 o5 = —

Answer: d. 2

Solution:
(z—1)(z+1)
z—1

=lim, 4(z+1)=1+1=2

2
. z2—1 _ 7
lim, . o1 = lim,_,;

Q.2(A) [6 marks]

Attempt any two

Q2.1 [3 marks]

If f(z) = == then prove that (1) f(z) - f(—x) = 1(2) f(z) + f(ty=o0

Answer:
Solution:

Part (1): Prove f(x) - f(—z) =1

f@) = 1
1—(—=z P
fla) = Ty =
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_ 1=z e _ (-z)(1+z) _
f(ZL’) : f(_x) - Lra: ’ iirac T (I4z)(1—z) 1

Part (2): Prove f(z) + f(<) =0
1_L z—1

&) =15 == =4

f@)+ () ==+ =1 "1 =0
Q2.2 [3 marks]

x 2 3
If|5 0 7| = 30then find the value of 1
3 1 2

Answer:

Solution:
Expanding along the second row (which has a zero):
x 2 3 5

:E ‘

2
0 7|=-5 0-7
‘ ‘+ 3 1
1 2

)

1 2
3
=-52x2-3x1)—-T7(zx1-2x3)
— —5(4—3)—T(z — 6)

= —5(1) — Tz + 42
= -5 —Tx+ 42
=37—- Tz

Given: 37 — 7Tz = 30
Tc=37-30=7

=1

Q2.3 [3 marks]

o __ ¢0s10°+sin10°
Prove that tan 55" = - 50—a.707

Answer:

Solution:
We know that 55° = 45° +10°

Using the tangent addition formula:

° °\ __  tan45°+tanl10”
tan(45 + 10 )_ 1—tan45° tan10°

Since tan45° = 1:
tan55° — 1+tan10°

1-tan10°
o __ sinl0°
Now, tan 10~ = cos10°
in10° 10" +sin10° Lo i
tan b5’ = A s 10" __ c€0s10°4sin10
1-250 cosI0—sinl0” " cos 10" —sin10°
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Q.2(B) [8 marks]

Attempt any two

Q2.1 [4 marks]

1 1 1 _
Prove that log,, zyz + log,, zyz + log,, zyz 2
Answer:
Solution:

Using the change of base formula: log;b = log,a

logwi Tz lngyz(CEy)

log;wyz = log,,.(y2)

logz;l z57 = 1084y:(22)

LHS = loga:yz(:cy) + logzyz(yz) + 1ngyz(zx)
= log,,.[(zy) (yz) (22)]

= logmyz(x2y2z2)

= logmyz(myz)2

=2 loga:yz(xyz)

=2 Xx1=2=RHS

Q2.2 [4 marks]
If log(%:2) = 1 (loga + logb) then prove that a”® + b* = 7ab
Answer:

Solution:
Given: log(42) = 1 (loga + logb)

RHS: 5 (loga + logb) = 1log(ab) = log(ab) 1/2 = log v/ ab
So:log(442) = log Vab

Taking antilog: +2 = v/ab

Squaring both sides: (42)% = ab

(a—gb)2 —ab
(a + b)* = 9ab
a® + 2ab + b2 = 9ab

a? + b% = 9ab — 2ab = Tab

Q2.3 [4 marks]

log16
log32

Iflog z x log 256 then find the value of
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Answer:

Solution:

First, let's simplify the logarithmic terms:
log 16 = log 2* = 4log 2

log 32 = log 2° = 5log 2

log 256 = log 28 = 8log 2

log 16

_ 4log2 4
log32

5log2 = 5

Given equation becomes:
log z x % = 8log 2

logz = 5X841°g2 = 10log 2

log z = log 2!? = log 1024

Therefore: £ = 1024

Q.3(A) [6 marks]

Attempt any two

Q3.1 [3 marks]

sin(3+0) | cot(3£-0) | \cosec(§-6) _
Prove that ——r— + ="+~
Answer:

Solution:

Using trigonometric identities:

First term:

sin(4 + 60) = cos 6
cos(m — 6) = —cos @
sin($+0)  cosh -1
cos(m—f) — —cosf

Second term:

cot(3F — 6) = cot(2mr — T — ) = cot(—(F +0)) =

tan(m — 0) = —tan#6

COt(sTﬂ_) _ _tan@

tan(m—0) “tanf 1
Third term:
s _ 1 _ 1
\COSGC(i - 0) © sin($—6) ~ cosd
_ 1 _ 1
SeC(ﬂ' + 9) " cos(m+6) —  —cosf
\cosec( % _9) _ Colsa _ —cosf -1
sec(m+0) — —L_ T cosf

Therefore: LHS = (—1) + (—1) + (—1) = —3 =RHS

Q3.2 [3 marks]
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1

Prove that tan ! % + tan~ % =z

Answer:

Solution:

Using the formula: tan~' a + tan ' b = tan ™! (<22 ) when ab < 1

_ 1 _ 1
Leta—gandb—g

_ 1 1 _ 1
ab—§X§—g<1\/

o=

+§)

~11 I R
tan™' 5 +tan" 3 =tan" (2

1—

||
=

3+2

= tan 1 (=) = tan"{(

- ) = tan (1)

INE

o=
®|m|®|cr\

Q3.3 [3 marks]

Find the equation of the line passing through points (1,6) and (—2, 5). Also find the slope of the
line.

Answer:

Solution:

Step 1: Find the slope
Y=y 5—6 — ;1 _ l
- To—XT1 o=2-1 -3 o 3

Step 2: Find the equation using point-slope form
Using point (1, 6):

y—6=3(z—1)

3y—6)=z—1

Jy—18=z -1

z—3y+17=0

Table: Line Properties

Property Value
Slope %
Equation z—3y+17=0

Q.3(B) [8 marks]

Attempt any two

Q3.1 [4 marks]

Draw the graphof y =sinz; 0 < x <7

Answer:
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Solution:

Table of Key Points:

o IEIE; 3 : |F | =
y=sinzx 0 % 4 @ 1 @ @
Yy
|
1+ *
| / 0\
V3/2+ / \
| / \
v2/2+ / \
| 7 \
1/2 + *
| \

0 +mm—F b fmmf k> X
0 n/6 m/4 n/3 n/2 2n/3 3n/4 5m/6
Properties:
e Domain: [0, 7]
e Range: [0, 1]
e Maximum: latx = 5

e Zeros:x — Qandz =7

Q3.2 [4 marks]

sin 0+sin 20+-sin 40+sin 50 __
Prove that cos 0+cos 20-+cos 40+cos 50 tan 36
Answer:
Solution:

We can group the terms strategically:

Numerator: (sin 6 + sin 560) + (sin 26 + sin 46)

Using sum-to-product formula: sin A + sin B = 2 sin(#) cos(#)

sin @ + sin 50 = 2sin(££22) cos(24-2) = 2sin(36) cos(26)

sin 26 + sin 40 = 2 sin( 2454 cos( 452 ) = 25sin(36) cos(6)

Numerator = 2 sin(36) cos(26) + 2 sin(36) cos(f) = 2 sin(36)[cos(26) + cos(6)]
Denominator: (cos § + cos 56) + (cos 26 + cos 46)

cos 0 + cos 50 = 2 cos(£E22) cos( 22 ) = 2 cos(36) cos(26)

cos 20 + cos 40 = 2 cos( 22 ) cos(4522) = 2 cos(36) cos(6)
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Denominator = 2 cos(36) cos(26) + 2 cos(36) cos(0) = 2 cos(36)[cos(26) + cos(0)]

Therefore:

Numerator __ 2sin(30)[cos(26)+cos(f)]  sin(36)
Denominator ~  2cos(36)[cos(260)+cos(f)] ~—  cos(30) tan(39)
Q3.3 [4 marks]

The constant forces; — j + k, 7 + j — 3k and 47 4+ 55 — 6k act on a particle. Under the action of
these forces, particle moves from point 3; — 25 + k to point; 4 35 — 4k. Find the total work done
by the forces.

Answer:

Solution:

Step 1: Find resultant force

Foo = (i —j+ k) + (i + j — 3k) + (4i + 5j — 6k)
=(1+1+4)i+(-1+1+5)j+(1—-3-6)k
=67+ 55 — 8k

Step 2: Find displacement
Initial position: 32 — 25 + k
Final position: ¢ + 35 — 4k

—

d=(i+3j—4k) — (3i —2j + k) = —2i + 5j — 5k

Step 3: Calculate work done
W = Fypq - d = (6i + 55 — 8k) - (—2i + 5j — 5k)
W =6(—2)+5(5) + (—8)(—5) = —12 4 25 + 40 = 53 units

Table: Work Calculation

Component Force Displacement Work
X 6 -2 -12
y 5 5 25
z -8 -5 40
Total 53

Q.4(A) [6 marks]

Attempt any two

Q4.1 [3 marks]
IfG =3 —j— 4k, b= 4j — 2i — 3kand ¢ = 2j — k — i then find |3d — 2b + 4¢|

Answer:
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Solution:
First, let's rewrite the vectors in standard form:

——i+2j—k

3G = 3(3i — j — 4k) = 9i — 3j — 12k
2b = 2(—2i + 45 — 3k) = —4i + 8j — 6k
46 =4(—i+2j — k) = —4i + 85 — 4k

3G — 2b+ 4¢ = (9i — 3] — 12k) — (—4i + 85 — 6k) + (—4i + 85 — 4k)
— 9i — 3j — 12k + 4i — 8j + 6k — 4i + 8j — 4k
=9+4—4)i+(-3-8+8)j+(—-12+6 —4)k

—9i — 3 — 10k

136 — 2b+ 42| = /92 + (—3)% + (—10)2 = /81 + 9 + 100 = /190
Q4.2 [3 marks]

For what value of m, the vectors 2¢ — 35 + 5k and mi — 65 — 8k are perpendicular to each other?
Answer:

Solution:
For two vectors to be perpendicular, their dot product must be zero.

A=2i—3j+5k
B =mi—6j— 8k
A-B=0

(2)(m) + (=3)(—6) + (5)(—8) =0
2m+18—-40=0

2m —22=0

m=11

Q4.3 [3 marks]

Find the equation of the circle having center (4, 3) and passing through point (7, —2)
Answer:

Solution:
Step 1: Find radius

r=4+/(T—4)2+(-2-3)2=4/32+(-5)2=+/9+25 = V34
Step 2: Write equation

Using standard form: (z — h)? + (y — k)% = r?
(z—4)*+(y—3)> =34
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Step 3: Expand

z? — 8z +16 +y*> — 6y +9 =34
22 +1y? —8x —6y+25—-34=0
22 +y> -8z —6y—9=0

Table: Circle Properties

Property Value

Center (4,3)

Radius V34

Standard Form (x—4)+(y—3)2=34
General Form z2+9y* —8x—6y—9=0

Q.4(B) [8 marks]

Attempt any two
Q4.1 [4 marks]

Prove that the angle between vectors i + 2jand i + j + 3kissin ' 4/ g—g

Answer:

Solution:
LetA:i+2jand§:i—|—j+3k

Step 1: Calculate dot product
A-B=1)1)+2)(1)+(0)8)=1+2+0=3

Step 2: Calculate magnitudes
Al =v12+ 22402 =15
1B =v12+ 12 + 32 = /11

Step 3: Find cosine of angle

cosf = 4B 3 =

3
|A|B]  VBxv1l V55

Step 4: Find sine of angle
sind=1—cos?9=1—- % =59 _ 46

55 55 55
; — /46
sinf = 4/ =2
Therefore: = sin ! v/ %

Q4.2 [4 marks]
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If £ = —2k + 3iand § = 5¢ + 25 — 4k then find the value of | (Z + 3) x (Z — )|
Answer:

Solution:
First, let's rewrite in standard form:
=31+ 07 — 2k

—

= bi + 2j — 4k

1 J k
E+y)x(Z-9)=|8 2 -6
-2 -2 2

— 8 — 45— 12k

|(Z+3) x (Z —g)| = V(=8)? + (=4)2 + (—12)?
— 64+ 16 + 144 = /224 = 4y/14

Q4.3 [4 marks]
Evaluate: lim,, ,.(vVn2+n+1—n)

Answer:

Solution:
We have the indeterminate form co — oco. Let's rationalize:

lim, ,o(Vn2+n+1—n)

Multiply and divide by the conjugate:
(Vn24n+1-n)(vVn24n+14n)
Vn2inti+n

(n?+n+1)—n?

vVni4n+l+n

= lim,, o0

= lim,, .o

n+1

vn24n+l4n

Divide numerator and denominator by n:
1+1

VIte g+l

140 _ 1 1

V1404041 I+1 2

= lim,,

Q.5(A) [6 marks]

Attempt any two
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Q5.1 [3 marks]

3 2
BT r°+2x°+x+2
Evaluate: lim,_, o =50
Answer:

Solution:

Direct substitution at £ = —2:

Numerator: (—2)% +2(=2)2+ (-2) +2=-8+8—-2+2=0
Denominator: (—2)2 4+ (=2) —2=4-2-2=0

We get % form, so we need to factor.

Factoring numerator: 3 + 222 + z + 2
=z2(z+2)+1(z+2)=(z+2)(z? +1)

Factoring denominator: 2 + z — 2

=(z+2)(xz—1)
: 34222+ +2 s (z+2)(z*+1)
limg 2 =705 = limes 2 Ty
s 2241 _ (=241 _ 441 _ 5 _ 5
=lim,, s T =-"F1 ="3="F=—3
Q5.2 [3 marks]
.12 1—sinx
Evaluate: hmm_% m
Answer:
Solution:
Direct substitution at & = %:

Numerator: 1 — sin % =1—-1=0

Denominator: cos? % =02=0

We get % form.

2

2x=1-—sin’z

Using the identity: cos

— lim x l—sinz
=9 1-sin’z

: l—sinz

hmxHT cos?x
l—sinz

1-sinz)(1l+sinz)

= lim 2 5

. . . 1_
Subslt|tut|ng; r =5

— T4 T2
Q5.3 [3 marks]

Evaluate: lim, oo (1 + 2)2*

Answer:
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Solution:
Lety = (1 + %)h

Taking natural logarithm:
Iny=2zIn(l+ 2)

lim, oo Iny = lim, ;o 22 In(1 + %)

Lett = %,thenasa:—>oo,t—>0and:c:%

= lim; 02 - 2In(1 +¢) = lim; 0 10 - ln(1t+t)

In(1+t) ..
) g,

Using the standard limit lim;_,

=10x1=10

Therefore: lim, o, y = e'°

Q.5(B) [8 marks]

Attempt any two

Q5.1 [4 marks]

Find the equation of the line passing through point (2, 4) and perpendicular to line
5 —Ty+11=0

Answer:

Solution:

Step 1: Find slope of given line
5z —Ty+11 =0

Ty =5x + 11

y=qo+ 7

Slope of given line = %

Step 2: Find slope of perpendicular line

For perpendicular lines: m1 X my = —1
% X Mg = -1

7
mo — -5

Step 3: Use point-slope form
y—y1=m(z—z1)
y—4=—L(z—2)
y—4= —%m + %
y= —%x + % +4

i 7 14+20
7 34
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Multiplying by 5:
5y = —Tx + 34
Tr+5y—34=0

Q5.2 [4 marks]

If the equation of circle is 222 + 2y + 4z — 8y — 6 = 0 then find its center and radius
Answer:

Solution:
Step 1: Simplify by dividing by 2
2 +y?+2x—4y—3=0

Step 2: Complete the square

(2% +22) + (y* —4y) = 3

(22 +2z+1)+ (v —4y+4)=3+1+4
(z+1)*+ (y—2)2 =38

Table: Circle Properties

Property Value
Center (—1,2)
Radius V8 =2V2

Q5.3 [4 marks]

Find the equation of tangent and normal of circle 2 + y* — 2z + 4y — 20 = 0 at point (—2,2)
Answer:

Solution:

Step 1: Find center of circle

2 +y* —2x+4y—20=0

Completing the square:

(22 —2z+ 1)+ (2 +4y+4)=20+1+4
(z—1)2+ (y+2)> =25

Center: (1, —2), Radius: 5

Step 2: Find slope of radius to point (—2, 2)
2-(-2) _ 4 _ _ 4

Mradius — ——5—7 — —3 — 3

Step 3: Find slope of tangent

Tangent is perpendicular to radius:

-1 _ 1 _ 3
mtangent - Meradius - —% T4
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Step 4: Equation of tangent
Using point-slope form at (—2, 2):
y—2=3(z—(-2))
y—2=4(z+2)

4(y —2) = 3(z + 2)

Ay — 8 =3z 16

3z — 4y + 14 = 0

Step 5: Equation of normal
Normal has slope m,qdius = _%;
y—2=—3(z+2)

3(y—2) = —4(zx+2)
3y—6=—4x — 8
dr+3y+2=0

Table: Line Equations

Line Equation
Tangent 3r—4y+14=0
Normal dx+3y+2=0

Mathematics Formula Cheat Sheet for Winter Exams

Determinants

b
d‘zad—bc

e 3x3 Matrix: Expand along row/column with most zeros

a
e 2x2 Matrix: c

e Properties: | A| = 0 if any row/column is zero

Functions

* Composition: (f o g)(z) = f(g())
e Even function: f(—z) = f(x)
e 0dd function: f(—z) = — f(z)

Logarithms
e Basic properties:
o log,a=1

o logl=0

o

logxz —logy = log%

(¢]

log x + logy = log(zy)
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¢ Change of base: log;b = log, a

Trigonometry
Periods
e sin(az + b) has period %
21

e cos(ax + b) has period

lal

e tan(az + b) has period g

Angle Conversions

* Degrees to radians: radians = degrees X g

Inverse Trigonometric Identities

e tan 'z +cot lx =

e sin 'z + cos!

T
e tan la+tan1b= tanfl(l‘i—ﬁ’b) when ab < 1

Allied Angles

sin(§ + ) = cosf

cos(m — 6) = —cos

tan(m — 0) = —tané
cot(3f — ) =tanf

Sum-to-Product Formulas

o sin A + sin B = 2sin(452) cos(452)

2
A+B A—-B

e cos A+ cos B = 2cos(£5=) cos(£5)

Vectors

* Magnitude: |d| = 1/a? + a2 + a2

Dot Product: d - b = ai1b; + asby + azbs

~ ~ ~

i Gk
e CrossProduct:d X b= |g; as a3
bi by b3

Properties:

sl
S

Work done: W =
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Coordinate Geometry

Lines
e Slope:m = &2
To—XT1
e Two-point form; L4 — 221
Y2—Y1 To—x1
e Perpendicular lines: m; X my = —1

e Point-slope form: y — y; = m(z — 1)
Circles

e Standard form: (z — h)? + (y — k)% = r?
e General form: 22 +y? + 29z +2fy+c=0

e Center: (—g,—f), Radius: /g2 + f2 — ¢

e Tangent at point (z1,y1): 221 +yy1 + 9(z + 1) + fly+y1) +¢=0
Limits

e Standard limits:

e Rationalization: For expressions like v/ A — v/B, multiply by —gig

Problem-Solving Strategies

For Function Problems

1. Check domain restrictions
2. Use algebraic manipulation for compositions

3. Verify results by substitution

For Logarithmic Proofs

1. Use change of base formula strategically
2. Convert complex expressions to simpler forms

3. Apply logarithm properties systematically

For Trigonometric Identities

1. Look for sum-to-product opportunities

2. Use allied angle formulas
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3. Factor expressions when possible

For Vector Problems

1. Write vectors in component form
2. Use properties of dot and cross products

3. Check perpendicularity using dot product

For Limit Problems
1. Try direct substitution first
2. Factor and cancel for % forms

3. Use rationalization for radical expressions

4. Apply standard limit formulas

For Circle Problems

1. Complete the square to find center and radius
2. Use slope relationships for tangent and normal

3. Remember tangent is perpendicular to radius

Common Mistakes to Avoid

1. Sign errors in determinant calculations
. Forgetting domain restrictions in logarithmic functions

. Angle measure confusion (degrees vs radians)

2
3
4. Not simplifying trigonometric expressions fully
5. Calculation errors in vector operations

6

. Incomplete factorization in limit problems

Exam Success Tips

¢ Show all working steps clearly

e Verify answers when possible

e Use proper mathematical notation

¢ Draw diagrams for geometry problems

e Manage time effectively across all questions

Best of luck with your Winter 2023 Mathematics exam! @"
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