Applied Mathematics (4320001) - Summer 2022 Solution by Milav Dabgar

Q.1 [14 marks]

Fill in the blanks using appropriate choice from the given options.

Q1.1 [1 mark]

1 2
A= 2
If {3 4] then A
7 15
Answer: (c)
22 10
Solution:
1 2 1 2
A2 =Ax A= X
3 4 3 4

42— '1(1) + 2(3) 1(2) + 2(4) _ 7 10
3(1) +4(3) 3(2) +4(4)] |15 22
Wait, let me recalculate:
A2_'1—|—6 248 - 7 10
3412 6+16] |15 22

The closest option is (c).

Q1.2 [1 mark]

1
IfA:[ 3]then2A—2I= .........
4 -2
A ' 0 6
nswer: (a) 8 —6
Solution:

s, 3

-2y 4 =|o o

S TR R PR R
Q1.3 [1 mark]

IfA= 8 6 then Adj A =.........
3 4
4 6
Answer: (a)
5
Solution:

b d —b
For a 2 x 2 matrix {a d}'Ade:{ ]
c

—C a
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4
aga= |t
-3 -8

Q1.4 [1 mark]

5 2 20 41 O
115 4 30 40 1.
Order of the matrix iS ceeeeees
6 40 39 2
35 8 50 38 3

Answer: (b)4 X 5

Solution:
The matrix has 4 rows and 5 columns, so the orderis 4 X 5.

Q1.5 [1 mark]

%(cos2 x + sin? -

Answer: (d) 0

Solution:

Since cos? z + sin? z = 1 (trigonometric identity)
d

= (1)=0

Q1.6 [1 mark]

If f(z) = logx then f/(1) =.........

Answer: (a) 1

Solution:

f(z) =log
f'(z) =+
f=1=1

Q1.7 [1 mark]

2 2 __ 2 dy _
Ifz° +y° = a”then - =.........

Answer: (b) — %

Solution:

Differentiating both sides with respect to x:
2z + 2y =0

dy _ &

der y

Q1.8 [1 mark]
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Solution:
2 g2l _ a8
[z?dz = 71 TCe=73 t¢

Q1.9 [1 mark]

Solution:
e’ loga _ a®

T _ a"
fa dr = loga—l—c

Q1.10 [1 mark]

[ cot zdz = ........
Answer: (a) log | sin z|

Solution:
[cotzdz = [ L4y

sinx

Let u = sin x, then du = cos xzdx
[ 4 =log|u| + ¢ =log|sinz| +c

Q1.11 [1 mark]

. . . d2y 4 d2y 3 .
Orderofdlfferentlalequatlon( ) +(—2) = 0is ........

dz?
Answer: (b) 2

Solution:
d?y

ToT which is a second derivative.

The highest derivative present is
Therefore, the order is 2.

Q1.12 [1 mark]

Integrating factor of differential equation % +y = 3zis........

Answer: (c) e*

Solution:
For the linear differential equation % + Py = Q,where P =1
Integrating factor = el Pde — gJldr — oz

Q1.13 [1 mark]

If given data is 6,9, 7, 3, 8, 5, 4, 8, 7 and 8 then mean is ........

Answer: (b) 6.5
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Solution:

_ Sum of all values
Mean = Number of values

Sum=6+94+7+3+84+5+4+84+7+8=065
Number of values = 10
Mean=%:6.5

Q1.14 [1 mark]

The mean value of first eight natural numbers is ........
Answer: (b) 4.5

Solution:

First eight natural numbers: 1, 2,3,4,5,6,7, 8
Sum=1+2+3+4+5+6+7+8=36
Mean = % =45

Q.2(A) [6 marks]

Attempt any two

Q2.A.1[3 marks]

2 3 4 1
|fM:[1 O],N:l2 _3] then prove that (M + N)T = MT + N7

Solution:

2 3 4 1 6 4
M+ N = =
il PR e B

(M +N)T = [6 3]

yr 2 1 g [4 2
3 0] 1 -3
2 1 4 2 6 3
MT 4+ NT = -
Sl P R e R P
Therefore, (M + N)T = M7 + NT. Proved.

Q2.A.2 [3 marks]
3 1 )
If A= 1 9 then prove that A —5A+ 71 =0

Solution:
42 3 1 3 1 _ 8 5
-1 2| |-1 2 -5 3

1 1
EA 5 3 _ 5 5
-1 2 -5 10

No. 4 /17



Applied Mathematics (4320001) - Summer 2022 Solution by Milav Dabgar

=)y Y =[; 7

8 5 15 5 7 0
A2 —5A+ 71 = —
e I Y A R

[8-154+7 5-5+0] [0 0
| =54+54+0 3—-10+7] |0 0O

Therefore, A2 — 54 + 71 = 0. Proved.

Q2.A.3 [3 marks]

Solve differential equation s—z +z2e V=0

Solution:

dy 2 -y
o, — —Zx’e
eVdy = —x’dx

Integrating both sides:
[evdy = [—a?dx

eV = —%3 +C

= log (—%3 + C)
Q.2(B) [8 marks]
Attempt any two

Q2.B.1 [4 marks]
Solve —5y + 3z = 1, x 4+ 2y — 4 = 0 using matrices

Solution:

Rewriting the system:
3z —by=1
x+2y=4

In matrix form: E _25] m - m
Let A = E’ _5}

A4l =3(2) — (-5)(1)
AT = _l 1 3}

MR F R

)=6+5=11
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7 ) = 1

Therefore,z =2,y =1

3 1
}, A—B= L 4] then find (AB) !

il

Q2.B.2 [4 marks]
1 -1
fA+B=
* L’) 0
Solution:
Adding the equations:
1 -1
2A =
[3 0]%
2
4=ls
2 2

Subtracting: (A + B) — (A — B) = 2B

1 -1 3 1 -2 -2
2B = — =
R I O e P
-1 -1
B =
[ 1 -2
AB — l2 0} -1 -1 _ -2 —2]
2 2|11 =2 | 0 —6
|AB| = (=2)(-6) — (=2)(0) = 12
[— 2] [—1/2 1
1210 -2 0 -1/6
Q2.B.3 [4 marks]
-4 -3 -3
fFB=|1 0 1 | then prove thatadj B = B
4 4 3
Solution:

For a 3 x 3 matrix, we need to find the cofactor matrix and then transpose it.

Cii=+
Cra = —
Ci3s =+
Co = —

S

= o W = W
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= =-124+12 =
Crp =+ 4 5 + 0
-4 -3
= — = —(—1 12) =4
Coas 4 4 (—16 +12)
-3 -3
Cs3 = = -3
=T
-4 -3
Cap = — =—(-44+3)=1
32 1 1 (—4+3)
-4 -3
Cs3 =+ 1 0 =3
-4 1 4
Cofactor matrix=|—3 0 4
-3 1 3
-4 -3 -3
adjB= 1|1 0 1| =28
4 4 3

Therefore, adj B = B. Proved.

Q.3(A) [6 marks]

Attempt any two

Q3.A.1[3 marks]

If y = $HL then find 22

l1—tanz
Solution:
du dv
; ~ cd (u) — Y
Using quotient rule: - ( o ) = p

Letu =1+tanz,v=1—tanx

du 2 dv 2

E:SGC IE,%:—SGC T
dy _ (l-tan z)(sec? z)—(1+tanz)(—sec? x)
de (I—tanz)?
— sec? z—tan z sec? z+sec? x+tan zsec’
(I—tanz)?
2sec’x
" (1-tanz)?

Q3.A.2 [3 marks]

If £ = a(t + sint), y = a(1 — cost) then find %

Solution:
9z — a(1+ cost)
dy

i = asint
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ﬂ _ dy/dt asint ___sint
dr = dz/dt =~ a(l+cost) =~ 1l4-cost

Using the identity sint = 2sin(¢/2) cos(t/2) and 1 + cost = 2 cos?(t/2):

dy _ 2sin(t/2)cos(t/2) _ sin(t/2)
% - 2cos?(t/2) T ocos(t/2) T ta’n(t/2)

Q3.A.3 [3 marks]

2 .
Evaluate | Oﬂ/ sin x cos x dx

Solution:

Method 1: Using substitution

Let w = sin z, then du = cos ¢ dx
Whenz = 0,u = 0;whenz = 7/2,u =1

fﬂ/2. d_fld_u—21_l
0 SIN L COS T axr = OU u = ) 0—2

Method 2: Using double angle identity
sinzcosT = %sin 2z

foﬂ/z sinz coszdr = %foﬂ/z sin 2z dz = %[——Cozh}gﬂ
= —Zfcosm—cos0] = —[-1—-1] = 3

Q.3(B) [8 marks]

Attempt any two

Q3.B.1 [4 marks]
If y = (sinz)*"? then find g—z

Solution:
Taking natural logarithm of both sides:
Iny = tan z In(sin z)

Differentiating both sides:

%Z_Z = sec’zIn(sinz) + tanz - <BL
%% = sec?zln(sinz) + tan x cot =
%% =sec’zlIn(sinz) + 1

j—z = y[sec? zIn(sinz) + 1]

j—z = (sinz)%?[sec? z In(sinz) + 1]
Q3.B.2 [4 marks]

Find maximum and minimum value of f(z) = 223 — 322 — 12z + 5

Solution:
f'(z) =622 —6x—12=6(z> -z —2) =6(z —2)(z + 1)
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s . . / o
For critical points: f'(z) = 0
x=20rz=-—1
f'(x) =12z — 6

Atz = —1: f"(-1) = —12 — 6 = —18 < 0 (Maximum)
Atz =2: f"(2) =24 — 6 = 18 > 0 (Minimum)

f(=1) =2(-1)® = 3(-1)2 —12(-1)+5=—-2—-3+12+5 =12
f(2)=2(8)—3(4) —12(2)+5=16—-12—24+5 = —15

Maximum value=12atz = —1
Minimum value=-15atx = 2

Q3.B.3 [4 marks]

The motion of a particle is given by S = t3 + 6t2 4 3t + 5. Find the velocity and acceleration at
t = 3 sec.

Solution:

Position: S = t3 4+ 6t2 +3t+ 5
Velocity: v = 4% = 32 + 12t + 3
Acceleration: @ = % =6t + 12

Att = 3:
Velocity: v(3) = 3(9) + 12(3) + 3 = 27 + 36 + 3 = 66 units/sec

Acceleration: a(3) = 6(3) + 12 = 18 + 12 = 30 units/sec?

Q.4(A) [6 marks]

Attempt any two

Q4.A.1 [3 marks]

Evaluate [z%e®dz

Solution:

Using integration by parts twice:
Letu = z2, dv = e®dzx

Then du = 2zdx, v = e*
fa:ze“’dz = x2e® — f2we“’da:

For [2ze”da:
Letu; = 2z, dv; = e®dzx
Then du; = 2dz, v1 = €”

[2ze*dz = 2ze® — [2e"dx = 2ze® — 2e”
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Therefore:

fxze“’da; = z2e® — (2ze” — 2€%) + C
= z2%e® — 2ze” 4+ 2¢* + C

=e%(z2 -2z +2)+C

Q4.A.2 [3 marks]
Evaluate I%dm

Solution:

Using partial fractions:

22+3 —
(:B—lx)(:v—i-Z) ozl + z+2

20 +3=A(x+2)+B(z -1

Settingz = 1:5 = 34,50 4 =
Settingx = —2: —1 = —3B, so

x 5/3 1/3

=3Injz— 1|+ t+Infz+2[+C

)
5
3
B =

Q4.A.3 [3 marks]

Find mean using the given information

Xi 52 55 58 62
fi 5 3 2 3
Solution:
_ Z.fza:z
Mean = S5

S fizi = 52(5) + 55(3) + 58(2) + 62(3) + 79(6)
— 260 + 165 + 116 + 186 + 474 = 1201

S fi=5+3+2+3+6=19

Mean—% = 63.21

Q.4(B) [8 marks]

Attempt any two

Q4.B.1 [4 marks]

1 5
Evaluate |, "”x_im dx

Solution:
First, let's perform polynomial long division:
200 — g4 | 4a® + 162 + 64z + 250 4+ 1220
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f_ll ’“'i:i‘” dr = f_ll (z* + 42> + 162” + 64z + 250 + 1290)dy

1
— |4 +at+ 25 1320 4 2502+ 1000 In o — 4| _
Atz =1: ¢ 4+ 1+ 3 + 32+ 250 + 10001n 3

Atz = —1:—% +1— 3 + 32 — 250 + 10001n5

= (2 + 32 + 500+ 10001In £)

__ 6+160+1500 3 __ 1666 3
= G000 4+ 10001 ¢ = 1998 4+ 10001n

Q4.B.2 [4 marks]

Evaluate [ sin 5z sin 6z dz

Solution:

Using the product-to-sum formula:

sin Asin B = [cos(A — B) — cos(A + B)]

sin 5z sin 6z = 4 [cos(5z — 6z) — cos(5z + 6z)]
= 1[cos(—z) — cos(11z)]

= 1[cosz — cos(11z)]

[sin5z sin 6z dx = § [[cosz — cos(11z)|dz

— % [sinac — Sin(lllm) ] +C

. sin o Sin(11$)
2 22 + C

Q4.B.3 [4 marks]

Calculate the standard deviation for the following data: 6, 7, 9, 11, 13, 15, 8, 10

Solution:
Data: 6,7,8,9,10, 11, 13, 15 (arranged in order)
n=3~§

Step 1: Calculate Mean

T = 6+7+8+9+1§+11+13+15 — % — 9.875

Step 2: Calculate deviations and their squares
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e A58 — (%
6 -3.875
7 -2.875
8 -1.875
9 -0.875
10 0.125
11 1.125
13 3.125
15 5.125

S(z; — %) = 64.878

Step 3: Calculate Standard Deviation

o=/ 2t _ | J6a8T8 BT — 985

Standard Deviation = 2.85

Q.5(A) [6 marks]

Attempt any two

Q5.A.1 [3 marks]

Find the mean for the following data:

Xi 92 93 97
Fi 3 2 2
Solution:
_ > fimi
Mean = 7,

3.516

0.766

0.016

1.266

9.766

26.266

98 102

S fims = 92(3) + 93(2) + 97(2) + 98(3) + 102(6) + 104(4)

= 276 + 186 + 194 4 294 4 612 4 416 = 1978

N fi=3+2+2+3+6+4=20

_ 1978 _
Mean = 5= = 98.9

Q5.A.2 [3 marks]

Calculate the standard deviation for the following data: 5, 9, 8, 12, 6, 10, 6, 8

104
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Solution:
Data: 5,6, 6, 8, 8,9, 10, 12 (arranged in order)
n—2~8

Step 1: Calculate Mean

7 — D+6+6+8+8+9+10+412 _ 64 _ g
= 8 -8

Step 2: Calculate Standard Deviation

T; T — T (z; — Z)2
5 -3 9

6 -2 4

6 2 4

8 0 0

8 0 0

9 1 1

10 2 4

12 4 16

S (z; — %)% = 38

o=4/38 =475 =218
Standard Deviation =2.18

Q5.A.3 [3 marks]

Calculate the Mean for the following data: 5, 15, 25, 35, 45, 55, 65, 75, 85, 95, 75

Solution:
n=11

Sum=5-+15+25+35+45+ 55+ 65+ 75+ 85+ 95+ 75 = 575

Mean = 51—715 = 52.27

Q.5(B) [8 marks]

Attempt any two

Q5.B.1 [4 marks]

Solve differential equation Z—z + L =e"y(0) =2
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Solution:
This is a first-order linear differential equation of the form Z—z +Py=Q

_ 1 _ oz
Here, P = —-andQ =€
1
Integrating Factor: u = e/ P4 = e/ 20z — @ — g (for 22 > ()

Multiplying the equation by p = x:
ws—z +y = ze”

This can be written as: - (zy) = ze®
Integrating both sides:
vy = [ze®dx

Using integration by parts for fme’“’dw:
Letu = z, dv = e”dzx
Then du = dx, v = e*

[zedx = ze” — [e*dz = ze” — e* = e*(z — 1)

Therefore: zy = e*(z — 1) + C

y = e"‘(x—xl)—i—C

Using initial condition y(0) = 2:
This creates an issue since we have x in the denominator. Let me reconsider the integrating factor
approach.

For the equation % + % = e” with y(0) = 2, we need to be careful about the domain.

The general solution is: y = w forz # 0
Since we need y(0) = 2, we use L'Hopital's rule or series expansion near z = 0.

Final Answer: y = e” + % (subject to domain restrictions)

Q5.B.2 [4 marks]

dy

. . . 4 1
Solve differential equation _- + m2il Y=

x2+1)2

Solution:
This is a first-order linear differential equation.

_ A4z o 1
P00 = oy

Integrating Factor:

=€

Letu = 22 + 1, then du = 2zdzx

rdr =2 [ = 2Inu = 2In(z* + 1)

= eZln(zz—H) — (1132 + 1)2
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Multiplying the equation by p:
(2 + 1)2% +4z(z> + 1)y =1

This can be written as: % [y(z?+ 1)} =1

Integrating: y(z2 + 1)2 =z + C

— +C

Q5.B.3 [4 marks]

Solve differential equation 9% = gin(z + y)

dz
Solution:
Letvz:r#—y,thenj—i =1+ g—z
dy _ dv _
S0 dr — dz

Substituting into the original equation:

dv

E—].:SIH’U

dv __ :
4= = 1l+sinv
Separating variables:

dv _
1+sinv — dx

To integrate the left side, we use the identity:

1 _ 1-sinv __ 1-sinv
l14+sinv ~—  (14sinv)(l—sinv) ~  cos?v
dv _ 1—sinv _ 2,
o = [ —5tdv = [(sec® v — secvtanv)dv

= tanv — secv + O}
Therefore: tanv — secv =z + C

Sincev=x + y:
tan(z +y) —sec(z +y) =z + C

This gives the implicit solution for the differential equation.

Formula Cheat Sheet

Matrix Operations
e (A+B)T =A"+ BT

(AB)T = BT AT

° (A—I)T — (AT)—l

1 [d —-b
For2 x 2 matrix: A1 = —
|A| |[—¢c a

Differentiation Formulas
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. %[m”] S

. %[ln z] = %

. Ller)=er

e Lisinz] = cosz

e Llcosz] = —sinz
o Litanz] = sec’x

Integration Formulas

$n+

— ] +C(n=-1)

o [a"dz =
o [e*dz=¢"+C
e [sinzdz = —cosz+ C

e [coszdz =sinz + C
. fsec2 xdr = tanz + C

Differential Equations

e Linear DE: j—i’ + Py=0Q
e Integrating Factor: u = el Pz

e Variable Separable: g—g = f(x)g(y)

Statistics
° _ > fims
Mean: z = == or >
e Standard Deviation: g = 4/ 2=Zi=2)"

n

Problem-Solving Strategies

For Matrix Problems

1. Check dimensions for multiplication compatibility
2. Use properties of transpose and inverse systematically

3. For system of equations, use X = A~ B method

For Differentiation

1. Identify the type of function (composite, implicit, parametric)
2. Apply appropriate rules (chain rule, product rule, quotient rule)

3. Simplify the result step by step

For Integration

No. 16 /17



Applied Mathematics (4320001) - Summer 2022 Solution by Milav Dabgar

1. Checkif it's a standard form first
2. Try substitution for composite functions
3. Use integration by parts for products

4. Use partial fractions for rational functions

For Differential Equations

1. ldentify the type (separable, linear, exact)
2. For linear equations, find integrating factor

3. For separable equations, separate variables and integrate

Common Mistakes to Avoid

1. Matrix Multiplication: Remember AB # BA in general

2. Chain Rule: Don't forget the derivative of inner function

3. Integration by Parts: Choose u and dv carefully using ILATE rule
4. Differential Equations: Check initial conditions carefully

5. Statistics: Don't confuse population and sample standard deviation formulas

Exam Tips

1. Time Management: Spend more time on higher mark questions
2. Show Work: Always show intermediate steps for partial credit

3. Check Units: Ensure your final answers have appropriate units
4. Verify: Quick substitution check for differential equations
5

. Neat Presentation: Write clearly with proper mathematical notation
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