Applied Mathematics (4320001) - Summer 2023 Solution by Milav Dabgar

Q.1 [14 marks]

Fill in the blanks using appropriate choice from the given options

Q1.1 [1 mark]

1
IfA= 13 ,then AT =
4

N =N

1 3 4
Answer: b.
2 1 2

Solution:
For transpose of a matrix, rows become columns and columns become rows.

1 3 4
T _
A_l212]

Q1.2 [1 mark]

+ 3 8 3
f [a:_'?y . y] = l_7 2],then (z,y) = __
Answer: c. (5, 3)

Solution:
Comparing corresponding elements:

e zt+y=28..(1)
e r—y=2..(2)

Adding equations (1) and (2): 2z = 10,soxz = 5
Substituting in equation (1):5 +y = 8,soy = 3

Q1.3 [1 mark]

o ] e

Answer:c. 3

Solution:
Matrix multiplication gives:

e 2x+9=15=2=3

Q1.4 [1 mark]
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Orderof matrix |—2 1 [ is

Answer:b.3 x 2

Solution:
The matrix has 3 rows and 2 columns, so orderis 3 X 2.

Q1.5 [1 mark]

L(z?+22+3)=__
Answer: b. 2z + 2

Solution:

Using power rule: %(w2 +22+4+3)=2c+2+0=22+2

Q1.6 [1 mark]

A (secx) =__

Answer: a.secx - tanx

Solution:
d

Standard derivative: v (sec a:) =secxrtanzx

Q1.7 [1 mark]

2 2 _ dy
If z° + y° =1, then - =

Answer: b. — %

Solution:
Differentiating implicitly: 2z + 2y§—z =0

Therefore: % =z
z y

Q1.8 [1 mark]

[logzder =__ +c
Answer:b.xlogx — x

Solution:
Using integration by parts:
[logzdr =zlogz — [x- ~dv =zlogz —z +c

Q1.9 [1 mark]

f%dx:_%—c

Answer: b. — %
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Solution:
1

fa:’2d$:%:—%+c

Q1.10 [1 mark]

Solution:

[ (@% + 1)de = [%3+$]11: (§+1)—-(—3-1) =23

Q1.11 [1 mark]

3 2
Order of the differential equation <ﬂ> +3 (%) — 6y =0is___ anddegreeis ___

dx?
Answer: a. 2, 3
Solution:

e Order = highest derivative = 2

e Degree = power of highest derivative = 3

Q1.12 [1 mark]

Integrating Factor of the differential equation j—z =ytanz +e®is___

Answer: c. Sin ¢

Solution:
Rearranging: fil—z —ytanz = e”
This is not in standard linear form. The given options suggest sin x as integrating factor.

Q1.13 [1 mark]

Mean of the first five natural numbersis
Answer: c. 3

Solution:

First five natural numbers: 1, 2, 3,4, 5
= 142434445 _ 15
Mean S = S =3

Q1.14 [1 mark]

If the mean of observations 15,7, 6, a,3is7, thena = ___

Answer: b. 4
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Solution:
1547+6+at+3 _ o

5
31+a =35
a—=4

Q.2(A) [6 marks]

Attempt any two

Q2(A).1 [3 marks]

1 2 1 -2 1 2 5 4 2
fA=1|1 -1 0{,B=|2 -1 3landC=|—-1 7 8|,thenFind2A—- B+ C
3 2 1 0 2 4 6 4 3
Solution:
1 2 1 2 4 2
2A=211 -1 0|{=1(2 -2 0
2 1 6 4 2
2 4 2 -2 1 2 4 3 0
2A—-B=1(2 -2 0[-{(2 -1 3:| =10 -1 -3
6 4 2 0 2 4 6 2 -2
4 3 0 5 4 2] 9 7 2
2A—-B+C=|[0 -1 -3|+|-1 7 8 =1|-1 6
6 2 -2 6 4 3] 12 6 1

Q2(A).2 [3 marks]

7 5 6 0]
If A= and B = , then prove that (4 + B)T = AT + BT
102 —2 3]
Solution:
7 5 6 0 [13 5
A+ B= =
i I RS A R [

(A+B)T — {153 —3}

5
AT:7 —1,BT:6 2
5 2 0 3
7 -1 6 —2 13 -3
AT + BT — =
o M b B b

Therefore, (A + B)T = AT + BT v

Q2(A).3 [3 marks]

Solve: (z + y)dy = dx
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Solution:
(x + y)dy = dx

This is a linear differential equation in .
Integrating factor=e™ ¥
eV z= [ye¥dy

Using integration by parts:
Jye ¥dy=—ye ¥V —e ¥V =—eY(y+1)

Therefore:ze ¥ = —e Y(y+ 1)+ C
r=—(y+1)+Ce¥

Q.2(B) [8 marks]

Attempt any two
Q2(B).1 [4 marks]
1 2 2
IfA= {2 1 2|,thenprovethat A> —4A4 —5I3=0
2 2 1
Solution:
First, calculate A2_:
1 2 2] [1 2 2
A’=12 1 2| |2 1 2
2 2 1] [2 2 1
9 8 §]
A*= 18 9 8
8 8 9]
(4 8 8]
4A= |8 4 8
|8 8 4]
5 0 0
5I3= (0 5 0
0 0 5
9 8 8 4 8 8 5 0 0
A> —4A-5I;=18 9 8| — 1|8 4 8 —1|0 5 0
8 8 9 8 8 4 0 0 5
0 0 O
={0 0 Of=0v
0 0 O
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Q2(B).2 [4 marks]

1 2 1

fFA= 12 1 3|, thenfind A!

1 1 0

Solution:

Using adjoint method: A~! = ﬁadj(A)

1A =1(0—3) — 2(0

Finding cofactors:

~3)+12-1)=-3+6+1=4

1 3
. = (—1)! = —
Ci1=(-1) Lo 3
2 3
[ ] C —= —]_ 1+2 :3
12 =(—1) L0
2 1
13 = (=1) 11
2 1
n= (=17 0
1 1
e (o = (—1 242 = -1
2 =(-1) 1 0
1 2
o Co3=(—1)*"3 =1
2= (=1) 11
2 1
o Cy = (-1)*" =5
n= (D7 3
1 1
o C3 = (—1)°" = -1
2=(-1)"", 3
1 2
o C33=(—1)3"3 =-3
3= (1) 2 1
-3 1 5
adj(A)=13 -1 -1
1 1 -3
. -3 1 5
A*l_Z 3 -1 -1
1 1 -3
Q2(B).3 [4 marks]

Solve the equations 2z 4 3y = 7 and 4x = 9 4 y using matrix method

Solution:

Rewriting: 2¢ + 3y = 7Tand4z —y =9

2 3
In matrix form: 4

A=l
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Al =2(-1)—3(4)=-2—-12=—14

=

T T4 2
T _ 1T _ |
y —14 14 —-10
Therefore: x = % = 77 = 14 = %

Q.3(A) [6 marks]

Attempt any two

Q3(A).1 [3 marks]
If y = z%, then find j—y

Solution:
Taking natural logarithm: Iny = zlnx

Differentiating both sides

%Zz Inzt+z-==lnz+1

jz =y(lnz+1) = :L'w(ln:z +1)
Q3(A).2 [3 marks]

If y = log(z + V22 + a?), then find 2

Solution:
d; /
d_z - :c+v;:2+a2 ’ %(az +Va? + a2)
A/ 2 2 x

1 Va1
dx 2422402 Vzi+a? Vz2+a?

Q3(A).3 [3 marks]

If y = \cosec & + sec”! z, then find %

Solution:

Z—Z = %(\cosec_lx) + %(sec_1 )

= =0
|:n\\/:c2 |a:|\/9:2

Q.3(B) [8 marks]

Attempt any two
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Q3(B).1 [4 marks]

Differentiate y = cos = using the definition

Solution:

By definition: g—z = limy,_.g w
. +h)—

4 (cosz) = limy_9 M

Using the identity: cos(x 4+ h) = cosz cosh — sinzsinh

7 cos  cos h—sin z sin h—cos ©
= limy, o A

. cosx(cos n— —S1n T Ssin
—1 (cos h—1)—si in h
= 11Mp_0 hhl -
= cosz limp, o 45— — sinzlimy, ,o %5
—cosz-0—sinz-1—=—sinzx
Q3(B).2 [4 marks]

Find the maximum and minimum value of f(z) = 23 — 422 + 5z + 7

Solution:
f'(z) = 32> — 8z +5

Setting f'(z) = 0:3z?> — 8z +5 =0
B3z —5)(z—1)=0
T = %orm: 1

f"(xz) =6z —8

Atz = 1: f"(1) = 6(1) — 8 = —2 < 0 (Maximum)
Atz = %: 1" (%) =6 (%) — 8 =2 > 0(Minimum)

Maximum value: f(1) =1—-4+5+7=9

Minimum value: f (£) = (%)3 — 4(%)2 +5(2)+7=1%
Q3(B).3 [4 marks]

If y = (tan~! x)2, then prove that (1 + z?)ys + 2z(1 + z%)y; = 2

Solution:
y = (tan"!z)
Yy = % = 2(tan"!z) - ﬁ

2

_ &y 1 1 -1 —2z
Y2 = g7 = 2 {1”2 g T (tanT 2) - i
2 _ 4a(tan”'x)

= a2 (1+22)?

Now substituting in LHS:

(1+ %)y + 22(1 + 22y
2—4x(tanlz
= (1+%) = 2a(1 4 0?)

2—4z(tan? —
= %ﬂc) + 4z (tan"! z)

_ 2—4z(tan"! z)+4z(tan! z)(1+2?)
o 1422

2(tan"! )
1+22?

= (L+2?) =2v
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Q.4(A) [6 marks]

Attempt any two
Q4(A).1 [3 marks]

5
Integrate: [ +—rrdz

Solution:

Let u = x5, then du = 6x°dz, so z°dx = %du
P g [l Llgy  Lian-1

[ihwde = [+ - gdu= gtan ' u+C

= +tan H(z%) + C

Q4(A).2 [3 marks]

. [T/2 __yfsinz
Integrate: [; NI dz
Solution:
Let I= Oﬂ/z v/ sin :csj-n\/xcos:c dz
Using property foa f(z)dx = foa fla — z)dz:
/2 sin(mw/2—x)
I= d
fO V/sin(m/2—z)++/cos(m/2—z) r

_rm/2 Vcosz dx
0 y/cosz++/sinx

Adding both expressions:
__ rm/2 \/sinz++/cosz _ pm/2 o
2I = fo Vsinz+/cos T de = fo ldz = 2

Therefore: T = %

Q4(A).3 [3 marks]

If the mean of the following data is 19, then find missing frequency

88 6 10 14 18 24 28
fi 2 4 7 f 8 4
Solution:
_ 2 fizi _
Mean S 19

S fi=2+4+7+f+8+4+3=28+F
> fizs = 2(6) + 4(10) + 7(14) + £(18) + 8(24) + 4(28) + 3(30)
— 12+ 40 + 98 + 18f + 192 + 112 4 90 = 544 + 18
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544+18f
2811 =19

544 + 18f = 19(28 + f)
544 + 18f = 532 + 19
12=f

Therefore, f = 12

Q.4(B) [8 marks]

Attempt any two

Q4(B).1 [4 marks]

Integrate: [ Ty 4

Solution:
Using partial fractions:

(z+1)(z+2) — @+l | z12

r=A(x+2)+B(z+1)

Settingz = —1: -1 =A(1) = A= -1
Settingx = —2: —2 = B(—1) = B =2

| ommyde = [ (5 + 737)de
——ln]zc-|—1\+2ln]zc+2\+0

a:+2
=In z+1 ‘+C

Q4(B).2 [4 marks]

22 tan~ wd

Integrate: f 1120

Solution:
Let u = z°, then du = 3z2dz, so z2dx = %du

z?tan!a3 tan~!u 1
= e de L 3du

Let v = tan ! u, then dv = ——du

1+2
2

=3fvdv=g-g40= gt

:(tan Lz3)? +C

Q4(B).3 [4 marks]
Find the standard deviation for the following data: 10, 15, 7, 19, 9, 21, 23, 25, 26, 30

Solution:

First, find the mean:
7 — 10+15+7+19+9+1%1+23+25+26+30 _ 11805 — 185
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Table for Standard Deviation:

a2 T, — T
10 -8.5
15 -3.5
7 -11.5
19 0.5
9 -9.5
21 2.5
23 4.5
25 6.5
26 7.5
30 11.5

S(z; — Z)? = 564.5

132.25

0.25

90.25

6.25

20.25

42.25

56.25

132.25

Standard deviation = 4/ Z(xT—z)? = % = 4/56.45 = 7.51

Q.5(A) [6 marks]

Attempt any two

Q5(A).1 [3 marks]

Find the standard deviation for the following data:

T; 4 8 11 17
fi 3 5 9 5
Solution:

N=Yfi=3+5+9+5+4+3+1=30

Mean Calculation:

7 — S fizi  3(4)+5(8)+9(11)+5(17)+4(20)+3(24)+1(32)
- N 30

_ 12440499+85+80+724+32 _ 420 __ 14

- 30 - 30 —

Standard Deviation Table:
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; i Tz (s = @) fi(zi — 8)?
4 3 10 100 300

8 5 6 36 180

11 9 3 9 81

17 5 3 9 45

20 4 6 36 144

24 3 10 100 300

32 1 18 324 324

Standard deviation = Ef"(]f;_j)g = 13(7)4 = 4/45.8 = 6.77

Q5(A).2 [3 marks]

Find the standard deviation for the following data:

Class 0-10 10-20 20-30 30-40
Frequency 5 8 15 16
Solution:

First, find class midpoints and calculate mean:

Class Midpoint (z;) fi
0-10 5 5
10-20 15 8
20-30 25 15
30-40 35 16
40-50 45 6

N =50, fiz; = 1350
— _ 1350 __

Standard Deviation Table:

No. 12 /17

40-50

fiz
25
120
375
560

270



Applied Mathematics (4320001) - Summer 2023 Solution by Milav Dabgar

z; it x;— T (z; — T)2
5 5 -22 484

15 8 -12 144

25 15 -2 4

35 16 8 64

45 6 18 324

3 fi(z; — %)% = 6600

Standard deviation = % =+/132=11.49

Q5(A).3 [3 marks]

Find the mean for the following data:

Class 30-40 40-50 50-60
Frequency 3 7 12
Solution:

Using midpoint method:

Class Midpoint (T;)
30-40 35
40-50 45
50-60 55
60-70 65
70-80 75
80-90 85
90-100 95
N=3 fi=50
S fizs = 3100

_ > fimi __ 3100 __
Mean = =5— = 55~ = 62

Q.5(B) [8 marks]
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60-70 70-80

15 8

fi

12

15

ells = =)
2420
1152
60
1024
1944
80-90
3
fizi
105
315
660
975
600
255
190

90-100
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Attempt any two
Q5(B).1 [4 marks]

Solve: zydz — (y* + %) dy =0

Solution:
Rearranging: zydz = (y* + z2) dy
de _ yHe® Yy oz

dy Ty
This is a homogeneous differential equation.

Leta::vy,then‘fl—z :v—l—yZ—Z

Substituting:
vtyE =L+ =1+

vy Y
v 1
ydy_v
d:
vdv =¥
Y

Integrating both sides:

fvdv—fyy

5 =y +C

Substituting back v = %:

:v2 2y*(In[y| + O)
Q5(B).2 [4 marks]
Solve: % + % =sinz

Solution:
This is a linear dlfferentlal equation of the form L + P(z)y = Q(x)
where P(z) = 2 and Q(z) = sinx

efP d:c_ef d:l:_e21n 2

Integrating factor = ol = g

Multiplying the equation by integrating factor:
z? dy +2zy = 2%sinz

The left side is & (z%y):

L (z%y) = :132 sin

Integrating both sides:
z’y = [z%sinzdz

Using integration by parts twice:
fx2 sinzdr = —x2cosz + 2zsinz + 2cosz + C
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Therefore:
iy = —x cosa:+2xsin:c+2cosx-|—C’
y = —cosx } 2B 2s1nm + 2cosz 2c0sa: _|_

2

Q5(B).3 [4 marks]
Solve: (1 + xz)% + 2xy = cosx

Solution:
D|V|d|ng by (1 + z2):

cosT
+ 1+:z:2 Y= 102

This is linear with P(z) = 13;2 and Q(z) = 125

. _2z_gq 2
Integrating factor = el Trd® _ hn(1+e?) _ 4 + 22

Multiplying by integrating factor:

(1+ x2)% + 22y = cosx

The left side is -L-[(1 + 22)y}:
L1+ 2%y = cosz

Integrating:
(14 z?)y = [coszdz =sinz + C

Therefore:
_ sinz+C
y - 1+CE2

Complete Formula Sheet

Matrix Operations

e Transpose: (AT);; = Aj

o Inverse: Al = |A| adj(A)

e Properties: (A + B)T = AT + BT

Derivatives

Power Rule: - (z") = nz" !
XL

Trigonometric: -& (sinz) = cosz, - (cosz) = —sinz

_1
1+z2

Inverse Trig: - (tan~'z) =

Logarithmic: %(ln T) = %

Integration

e ByParts: [udv=uv— [vdu
e Substitution: If u = g(z), then [ f(g(z))g (z)dz = [ f(u)du
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e Definite Properties: [ f(z)dz = [ f(a — z)dz

Differential Equations

e Linear Form: g—z + P(:L')y = Q(w)
o Integrating Factor: e/ (*)4

e Variable Separable: % = f(x)g(y)

Statistics
° cm o 2 fim
Mean: z = =7
¢ Standard Deviation: ¢ = M
e Variance: 0% = w

Problem-Solving Strategies

For Matrix Problems

1. Check dimensions for multiplication compatibility
2. Use cofactor method for finding inverse

3. Apply transpose properties systematically

For Differentiation

1. ldentify the type of function (composite, implicit, parametric)
2. Apply appropriate rules (chain rule, product rule, quotient rule)

3. Simplify the final expression

For Integration

1. Check if substitution can simplify the integral
2. Use integration by parts for products of different function types

3. Apply definite integral properties for symmetric limits

For Differential Equations

1. ldentify the type (separable, linear, homogeneous)
2. Find integrating factor for linear equations

3. Separate variables when possible

Common Mistakes to Avoid
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Matrix Operations

e Mistake: Confusing row and column operations

e Solution: Always check dimensions before multiplication

Differentiation

e Mistake: Forgetting chain rule for composite functions

e Solution: Identify inner and outer functions clearly

Integration

e Mistake: Not adding constant of integration

e Solution: Always include +C for indefinite integrals

Statistics

e Mistake: Using wrong formula for grouped data

¢ Solution: Use midpoint values for class intervals

Exam Tips

1. Time Management: Allocate 10 minutes per question for 6-mark questions
2. Show Work: Always show step-by-step calculations

3. Check Units: Ensure answers have appropriate units where applicable

4. Verify: Use substitution to check differential equation solutions

5. Neat Presentation: Write matrices and fractions clearly

Final Note: Practice similar problems regularly and focus on understanding concepts rather than
memorizing formulas.
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