Engineering Mathematics (4320002) - Winter 2022 Solution by Milav Dabgar

Q.1 [14 marks]

Fill in the blanks using appropriate choice from the given options.

Q1.1 [1 mark]
A= |5 2| then adia=
o _1 then adj.A=_.
-1 -2
Answer: (d)
=
Solution:

_ la b] . { d —b]
For a 2x2 matrix A = ,adj.A=
c —c

d a

-1 2

adj. A = { ]
-2 1

Q1.2 [1 mark]

If Ais 2x3 and B is 3x4 matrices then AB is _ matrix
Answer: (b) 2x4

Solution:
Matrix multiplication rule: (m x n) X (n X p) = (m X p)
(2x3)x(3x4)=(2x4)

Q1.3 [1 mark]

IfOac_()élh_
—2 4] T |2 4T

Answer: (b) 4

Solution:
Comparing corresponding elements: x = 4

Q1.4 [1 mark]

If A is non singular matrix then __
Answer: (d) |A| # 0

Solution:
A matrix is non-singular if its determinant is non-zero.

Q1.5 [1 mark]

%(eflogx) —

Answer: (d) x
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Solution:
_ -1 _
e logm:elogm —_ 1:%
d (1y_ 1
(7)) =—%

Q1.6 [1 mark]
If f(z) =log v 2+ 1, then f'(0)

Answer: (a) 0

Solution:

Q1.7 [1 mark]

Answer: (d) 1

Solution:
zy = (secd + tan f)(secd — tan #) = sec? § — tan? 6 = 1
Differentiating: 9”% +y=0

dy _ _y
dx T

Q1.8 [1 mark]

[e*(sinz + cosz)de = ___

Answer: (b) e*sinz + ¢

Solution:
Using integration by parts or standard result:
[e*(sinz + cosz)dx = e”sinz + ¢

Q1.9 [1 mark]

f}l 22+ 1lde =

oo}

Answer: (d) 3

Solution:
3

S+ )de = [& + 2]t
=(3+)—-(5t-1)=3%

Q1.10 [1 mark]

[eotadr =___+c

Answer: (a) log | sin z|
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Solution:
[cotazdr = [ LLdy = log|sinz| + ¢

sinx

Q1.11 [1 mark]

d*y dy

The order & degree of the differential equation — + x - + 3y = 0 are respectively__and __

dxz?

Answer: (a) 2, 1

Solution:
Order = highest order derivative = 2
Degree = power of highest order derivative = 1

Q1.12 [1 mark]

The integrating factor for the differential equation j—z + % =czis

Answer: (b)

Solution:
For 2 + P(z)y = Q(z), where P(z) = £
ILF. = e/ P@)dz — el vdz — glogz _ .

Q1.13 [1 mark]
i+t 4 it =
Answer: (d) 0

Solution:
i+i2 4+ 444 :i+(—1)+(—i)+1:0

Q1.14 [1 mark]
arg(-1)=__
Answer: (a) 1t

Solution:
—1 =cosw+isinm, soarg(—1) ==

Q.2(a) [6 marks]

Attempt any two.

Q2(a).1 [3 marks]

1 2

wa-|
-3 2

5 6
1, B = l 5 3] then find matrix X from equation 3(X+B) + 5A=0
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Solution:
3(X—|—B) +5A=0
3X+3B+54A=0
3X=-3B—-54A

X=-B-34

—20 _ 28
X — 3 3

Q2(a).2 [3 marks]
IfA= B ﬂ then Prove that A2 — 44 — 51 =0

Solution:

AR

=ty f=fs

a=sfy -
eoaf; I Y-f

|0 -4 5 0 (00
-4 0 0 5/ [0 0
Hence proved.

Q2(a).3 [3 marks]

. . . d 2
Solve differential equation 2 = (z + y)

Solution:

d:
Letv::v~|—y,theng—};:1+%
QB _ dv
dr =~ dz

Substituting: g—; —1 =12

v _ 2
d,?l—v +1
v _
T =dz
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Integrating: 2+1 = [dz
tanlv==x+c
tanl(z +y) =z +c
z +y = tan(z + ¢)
y=tan(z+c)—=x

Q.2(b) [8 marks]
Attempt any two.
Q2(b).1 [4 marks]
3 -1
IfA= |4 1 |thenfindA™!
5 0
Solution:
This is a 3x2 matrix, which is non-square. Inverse doesn't exist for non-square matrices.
3 -1 2
Alternative interpretation - ifit's {4 1 —1{:
5 0 1

Using adjoint method:
|A|=3(1—-0)+1(4+5)+2(0-5)=3+9—-10=2

Calculate cofactors and adjoint, then A~ = ﬁ X adj(A)

Q2(b).2 [4 marks]

Solve Equation 3X-2Y=8 and 5X+4Y=6 using matrices method.

Solution:

s -l

|A| =3(4) — (—2)(5) = 12+ 10 = 22
o3[

lﬂ - 2_12[—5 3] M

X] ,[32+12 L [ 44
Y| 22|-40+18 22| _99

X=2Y=-1
Q2(b).3 [4 marks]
If M = E ﬂ,N: B ﬂ then Prove that (M N)T = NTM7T
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Solution:
YN — 2 313 4 _ 12 11
0 1{12 1 2 1
12 2
(MN)T =
11 1

ut_ [2 0] yr_[3 2
3 1) 4 1

NTT_ 3 2] [2 0] _[12 2
4 1] (3 1] |11 1

Hence (MN)T = NTM7 is proved.

Q.3(a) [6 marks]

Attempt any two.

Q3(a).1 [3 marks]

Differentiate \/5 using the definition.

Solution:
f(z) = V& = 22"
Using definition: f'(z) = limj_g w

F(z) = limp_o —W

(Vz+h—/z)(VT+h+4/7)

Rationalizing: f'(z) = limj_g

h(vVz+h+4/z)
70 h(Varhtya) 7 h(Vathty/z)

1 _ 1
Vathiva | 2/E

Q3(a).2 [3 marks]

If y = log(z + V1 + z?2) then Find 2

= limp, .9

Solution:

y = log(z + v1+ z?)

z+v1+z? '
d 2\ — 1 . — z
(@t vite?) =14 == 2z=1+ =
A

1422
dy 1 L Vitalte
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Q3(a).3 [3 marks]
[

Solution:

j‘ 4—0—32051‘ dr = j‘ 4 dx+f ?;lcri);;: dx

sin® x sin’ z

:4fcs02:cdac+3f:i‘;—szidx
= —4cotz + 3 [sin ?z coszdx

For the second integral, let u = sin z, du = cos rdx

3fu?du=3(—u") = —55
fﬁ%dz = —4cotxz —3cscx +c
Q.3(b) [8 marks]

Attempt any two.

Q3(b).1 [4 marks]

If y = log(sin ) then prove that % - (%)2 +1=0

Solution:
y = log(sin x)
j—z = ﬁ -cosx = cotw
2
% = L (cotz) = —csc’z
d?y dy 2 _ 2 2
Now, =5 + (g )* + 1= —csc®z + cot’z + 1

Using identity: csc?  — cot?z = 1

—csc?z +cot?z +1 = —(csc?z —cot?z) =—-1+1=0

Hence proved.

Q3(b).2 [4 marks]
If x + y = sin(xy) then Find j—g

Solution:
z + y = sin(zy)

Differentiating both sides with respect to x:
1+ 2 = cos(ay) - 2 (ay)

d
1+ 22 =cos(zy) - (y+ x%)
1+ 2 = ycos(zy) + x cos(zy)%

1+ 5 — wcos(my)g—z = ycos(zy)
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j—g(l — zcos(zy)) = ycos(xy) — 1
dy _ ycos(zy)—1
dr — 1—zcos(zy)

Q3(b).3 [4 marks]
A particle has motion of s = 3 — 5¢% + 3¢ Find the acceleration when particle comes to rest?

Solution:
Given: s = t3 — 5t2 + 3t
Velocity: v = % =3t2 - 10t + 3

Acceleration: a = % =6t — 10

Atrest,v = 0:
3t2-10t+3=0

10++/100—-36 __ 1048
6 6

Using quadratic formula: t =

_ 1
t—3ort—§

The accelerations are 8 and —8 respectively.

Q.4(a) [6 marks]

Attempt any two.

Q4(a).1 [3 marks]
[z sinzdz

Solution:
Using integration by parts: [ udv = uv — [vdu

Letu = z, dv = sin zdzx
du=dx,v= —cosz

[zsinzdr = z(—cosz) — [(— cosz)dz
= —xrcosze + fcosmda:
= —xcosx +sinz +c

Q4(a).2 [3 marks]

2z+1
J (x+1)(+$—3) dz

Solution:

Using partial fractions:
2z+1 A + B

(z+1)(z—3) — az+1 | -3

2c+1=A(xz —3)+ B(z + 1)
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Ata::—lz—2—|—1:A(—4):>A:%
Atz =3:6+1=B(4) = B=+

22-+1 _ 1,1 71
J (m+1)?m73) de =7 [yde+ 7 [5dx
= Llog|z + 1| + Tlog|z — 3| + ¢

Q4(a).3 [3 marks]

Find square root of complex number z = 7 4 24;

Solution:

Letv/7+ 247 =a+ bt
(@ + bi)% =17+ 24i
a? — b2 + 2abi = 7 + 24i

Comparing: a? — b? = 7 and 2ab = 24

From second equation: b = %

Substituting: a® — %4 =7
a* —Ta®> — 144 =0
letu =a%u? —Tu—144 =0
(u—16)(u+9)=0
u = 16 (taking positive value)
a?=16=a=4
— 12 _
b= =3

Therefore: v/7 4 24i = 4 + 3i or —(4 + 31)

Q.4(b) [8 marks]

Attempt any two.

Q4(b).1 [4 marks]
/2 Vsinz
Jo Vsnotyooss X

Solution:

/2 Vsinz
Let I f Vsin z++/cos x dw

Using property: fo f(z)dx = foa fla — z)dx
/2 sin(m/2—x)
I= d
fO \/sin(m/2—z)++/cos(m/2—z) r

. f7r/2 V/cosz .
0 y/cosz++/sinx

Adding both expressions:
m/2 y/sinz{y/cosz _pm/2 .
f Vsin z+4/cos T dz fo ldz =

Therefore: [ = %
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Q4(b).2 [4 marks]

Find the area of the region bounded by the curve y = 3z2, x axis and the linexz = 2and z = 3

Solution:
Area = f23 ydx = f;’ 3z’dx

3 z°
=3 [, z*dx = 3[%-]3
=[233=33-23=27-8=19
Area =19 square units

Q4(b).3 [4 marks]

(cos 20-+i sin 20) 3-(cos 360—i sin 36)>
(cos 20—i sin 26) ~7-(cos 50— sin 50)3

Simplify

Solution:
Using Euler's formula: cos 6 + i sin § = e

(cos 26 + isin 26) 3 = ¢~ 0%
(cos 36 — isin 30)% = e 6%

(cos 20 — isin 26) 7 = el4¥
(cos 50 — isin 56)3 = e~15%

—6i0, ,—6if ~12i0 .
- _ e e __ e _ 1140
Expression = S = @ — €

= cos(—116) + isin(—110) = cos(116) — isin(110)

Q.5(a) [6 marks]

Attempt any two.

Q5(a).1 [3 marks]

Convert % in a+ib form.

Solution:

First, simplify the denominator:

(3+2i)(5—3i) =15—91+10i —6i2=15+3i+6 =21+

. 442
Now: 31+

_ : CA42i 21
Multiply by conjugate: 577 « 57—

o (4+29)(21—4) _ 84—4i+42i—2:2
T (2144)(21—1) 441—42

__ 84+438i+2 __ 86+38: __ 43419

441+1 442 221

Q5(a).2 [3 marks]

Convertz =1 — \/52 in polar form.
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Solution:

2=1—+/3i

|2l = /12 + (—V3)? = V1 +3 =2

arg(z) = tan~! <_Tﬁ) = —% (since zis in 4th quadrant)

Therefore: z = 2(cos(—%) + isin(—%)) = 9e—im/3

Q5(a).3 [3 marks]

Prove that (1 + cos 6 + isin )" + (1 + cos§ — isin6)" = 2"*1 cos™(£) cos(Z)

Solution:
1+ cosf+isin@=1+¢e? =1+ cosf+isinf

Using identity: 1 + cos 6 = 2 cos?(%)
1+ cos +isinf = 2cos?(4) + 2isin(£) cos(¥)
= 2cos(£)[cos(4) + isin(£)] = 2 cos(£)e/?
Similarly: 1 + cos @ — isin@ = 2 cos(&)e ¥/

(14 cosf + isinf)™ = 2" cos™(&)e™b/2

(1+ cosf — isin )™ = 2" cos™(&)e ¥/

Sum = 2" cos™(£)[e™/2 + e~n¥/2] = 2" cos™(£) - 2 cos( L)

0 n
2 2
)

= g+l cos”(% cos(%e)

Hence proved.

Q.5(b) [8 marks]

Attempt any two.

Q5(b).1 [4 marks]

Solve differential equation x log wg—z +y = log 2?2

Solutlon
azlogw +y=2logx

Dividing by x log x:

dy 2

dx + aclog:v "

This is a linear differential equation: d—y P(z)y = Q(x)
Where P(x) = ml(}gw and Q(z) = %

1
Integrating Factor: e/ P(@)dz — ¢/ smgz
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Letu = log z, then du = 2 —dz
[ mlogm de = [Ldu= logu = log(log z)

.F. = elos(log) — Jog g

Solution: y - logz = [ £ -logzdx

—9 f loiw _9. (logz) (log 33‘)2
Therefore: y = (lﬁgg? =logx
Q5(b).2 [4 marks]

Solve differential equation Zy — % =e*

Solution:
This is a linear differential equation: g—z + P(z)y = Q(z)

_ 1 Y
Where P(z) = —+ and Q(z) = e
1
Integrating Factor: e/ P@)de — of —ydr — o—logz _ %
PR 1 z 1

Solution: - — = [e” - ~dx
The integral f %daf: cannot be expressed in elementary functions.

; ing itic Y Yy _ .
Alternative approach - assumingit's = + = = e™:
I.F. - ef%d:l} — elOg:l? =
y-x=[e* zdx

Using integration by parts:
[ze®dz = ze” — [e*dz = ze” — e* = e*(z — 1)

Therefore: zy = e®(z — 1) + ¢

y = em(z;l)—i—c

Q5(b).3 [4 marks]

Solve differential equation sec” z tanydz + sec’ ytanzdy = 0, y(§) = T

Solution:
sec? ¢ tan ydzx + sec? ytan xdy = 0

Rearranging: st'“:fn Ldr + St(;cn;’ dy=0

COS T dw—|— i cosy dy= 0

sinz cos? sinycos?y

dx +

sinx cos x sin y Cos Yy

dy=20

dy=20

dr +

sin 2x sin 2y

csc(2z)dz + csc(2y)dy = 0
Integrating: [ csc(2z)dz + [ csc(2y)dy = ¢
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—1log| csc(2z) + cot(2z)| — Llog | csc(2y) + cot(2y)| = ¢
log | csc(2z) + cot(2z)| + log | csc(2y) + cot(2y)| = —2c =k
| csc(2z) + cot(2z)| - | csc(2y) + cot(2y)| = eF

.

Using initial condition y(§) = F:

At = %, Y= %
| csc(5) 4+ cot(F)| - [esc(F) +cot(F)| =[1+0[-|1+0[=1
Therefore: (csc(2z) + cot(2z))(csc(2y) + cot(2y)) =1

Complete Formula Cheat Sheet

Matrix Operations

Operation Formula

Adjoint (2x2) If A= {Z Z},then adj(A) = {—dc _ab}

Inverse A7l = ﬁ x adj(A)

Matrix Multiplication (AB);j = >, AixBrj

Transpose Property (AB)T = BT AT
Differentiation

Function Derivative

" na—1

log x %

e’ e’

sin ¢ cos T

CosS T —sinz

tanz sec? x

Chain Rule L[ f(9(2))] = f'(9(x) - ¢ (2)

Product Rule (uwv)' = u'v + w'

Quotient Rule (&) = %

Integration
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Function Integral

z" o te

L log|z| + ¢

e’ e* +c

sin x —cosz +c¢

cos T sinx + ¢

sec? x tanx 4+ ¢

csc’ x —cotx +c
Integration by Parts Judv = uv — [vdu

Differential Equations

Type Method Solution
Variable Separable W = f(z)g(y) f% = [ f(z)da
: d
Linear DE F+Py=Q y-I.F.= [Q-I.F.dz
Integrating Factor I.F. = e/ Pdz

Complex Numbers

Operation Formula

Modulus la + bi| = Va2 +b?

Argument arg(z) = tan~!(2)

Polar Form z=r(cos 0+ isinf) = re®

Powers il =4,92=-1,i®= —4,i* =1

De Moivre's (r(cos @+ isin@))™ = r"(cos nf + i sin nf)

Problem-Solving Strategies

For Matrix Problems:

1. Check dimensions first for multiplication
2. Use determinant to check if inverse exists

3. Apply properties like (AB)T = BT AT
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4. Substitute and verify your answers

For Differentiation:

1. Identify the type (composite, product, quotient)
2. Apply appropriate rule systematically
3. Simplify step by step

4. Check using basic derivatives

For Integration:

1. Look for standard forms first
2. Try substitution if composite function
3. Use integration by parts for products

4. Apply partial fractions for rational functions

For Differential Equations:

1. Identify the type (separable, linear, etc.)
2. Find integrating factor for linear DEs
3. Separate variables when possible

4. Apply initial conditions to find constants

Common Mistakes to Avoid

Matrix Operations:

e Wrong dimension calculation in multiplication
e Forgetting to transpose in (AB)T = BT AT

¢ Not checking if matrix is invertible before finding inverse

Differentiation:

e Missing chain rule in composite functions
* Sign errors in trigonometric derivatives

e Forgetting product rule in multiplied functions

Integration:

e Wrong limits in definite integrals
e Missing constant of integration

e Incorrect substitution bounds
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Complex Numbers:

e Wrong quadrant in argument calculation
e Modulus calculation errors

¢ Forgetting to rationalize denominators

Exam Tips

Time Management:

e Attempt Q.1 first (14 marks, quick fill-ups)
e Choose easier sub-questions in each section

e Leave difficult calculations for the end

Answer Presentation:

e Show all steps clearly
e Box final answers
e Use proper mathematical notation

e Draw diagrams where helpful

Verification:

Check dimensions in matrix problems

Verify differentiation by differentiating your answer

Substitute back in differential equations

Check modulus and argument for complex numbers

Key Formulas to Remember:

e Matrix inverse formula

Integration by parts

Linear DE solution method

Complex number polar form

Standard derivatives and integrals

Remember: Practice is key to mastering these concepts. Work through similar problems and focus on
understanding the underlying principles rather than just memorizing formulas.
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